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, QED based on #-unexpanded noncomutative space-time in contrast with the non- 
commutative QED based on ^-expanded U(l) gauge theory via the Seiberg-Witten 
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I map, is one- loop renormalizable. Meanwhile it suffers from asymptotic freedom that 
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. is not in agreement with the experiment. We show that QED part of ?7*(3) x £/*(l) 
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■ gauge group as an appropriate gauge group for the noncommutative QED+QCD, is not 
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only one-loop renormalizable but also has a (3 function that can be positive, negative 
and even zero. In fact the f3 function depends on the mixing parameter $13 as a free 
parameter and it will be equal to its counterpart in the ordinary QED for £13 = 0.3677T. 
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1 Introduction 



The possibility of a noncommutative (NC) space-time coordinates was arisen in the string 
theory [1, 2]. Thereafter, the theoretical and the phenomenological aspects of the noncommu- 
tative field theory (NCFT) has been extensively studied by many physicists [3] . With respect 
to the phenomenological point of view the main question is the value of the NC-parameter 
that is about ITeV in recent works [4]. Although these bounds on the NC-parameter are 
usually obtained by considering the NCFT at the tree level, for those works at the higher 
orders or from the theoretical point of view the renormalizability of the model is a crucial 
question. The U(n) gauge field theories in the NC space-time are one loop renormalizable 
[5] but at the higher order the UV/IR mixing causes such theories to be nonrenormalizable 
[6, 7]. Meanwhile to avoid the UV/IR mixing, one can construct a ^-expanded NC-quantum 
field theory via the Seiberg-Witten map [8]. Although the pure gauge sector of such a the- 
ory is renormalizable [9], it is shown that in general the noncommutative QED cannot be 
renormalized by means of the Seiberg-Witten expansion even at the one loop [10]. Therefore 
it seems that #-unexpanded NCQED is more safe for the phenomenological purposes. Un- 
fortunately in this case, even in the vanishing limit of the parameter of noncommutativity, 
one encounters an asymptotic freedom for QED [7, 11] where the increasing coupling with 
increasing energy is well tested experimentally. Furthermore, for the #-unexpanded gauge 
groups in the NC space-time one meets [12]: 

• Only the U(n) gauge groups in the NC space-time ( U+(n) ) are allowed. 

• The fundamental and antifundamental representation of U±(n) can only be occurred. 
For example, in the £/*(l) case, for arbitrary fixed charge q only the matter fields with 
charges ±q and zero are permissible [7, 12]. 

• When we have a gauge group constructed by the direct product of several simple gauge 
groups, a matter field can be charged only under two of them. 

Therefore, for instance, to construct the standard model of the particle physics (SM) with 
SU(3) x SU{2) x U(l) as the gauge group containing the quarks, one needs additional 
consideration. It is shown in reference [13] how one can consistently reduce U+(3) x £/*(2) x 
E/*(l) to the usual SM gauge group through a two-step appropriate Higgs mechanism. The 
negative /3-function for NCQED was obtained for matter fields with ±1 and zero charges 
besides pure QED interaction. But it is well known that in the NCFT different gauge fields 
not only have self interactions ( three and four photon vertices in NCQED) but also they can 
have interactions among each other (for instance gluon-photon interaction). Therefore one 
can ask if the /3-function for NCQED after the full consideration is really negative? In fact 
to answer to this question we need to consider all particles (leptons as well as quarks) and all 
gauge bosons. For this purpose to obtain the /3-function for QED we explore the quantization 
of QED+QCD in the NC space-time and ignore the weak interaction for simplicity. 
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This paper is organized as follows: In Sect. 2 we give a brief review on the £4(3) x £4(1) 
model. In Sect. 3 we explore the quantization of the model and then we calculate the QED 
/3-function in Sect. 4. We summarize our results in Sect. 5. 



2 £4(3) x £4(1) model 

In this section we review briefly the £4(3) x £4(1) model which is introduced in [13]. The 
£4(3) x £4(1) theory is described by one gauge field valued in the £4(1) algebra, _B M , and 
£4 (3)- valued gauge fields as 

G M (x)=X)GjT A > (2.1) 

in which the generators T a , a = 1, . . . , 8, are the Gell-Mann matrices andT° = (l/6) 1 / 2 x/3 X 3. 
The finite local transformations of the gauge fields are : 

fl„ = V * fl„ * V" 1 + i/^y * <9^-\ 

G> — U -k Gfj, -k U~ l + i/g 3 U * fyCT 1 , (2.2) 
where V G £4(1) and £/ G £4(3) and the ^-product is defined as: 

f*g(x,e)=f(x,e)exp(^d ft 9> a 'l} v )g(x,e), (2.3) 

where is an antisymmetry tensor that denotes the noncommutativity of space time 
through 

[ x m x "] = i0^, (2.4) 
Then the invariant action of the £4(3) x £4(1) Yang-Mills theory is 

Sncym = -1/4 J d 4 x(B^B^ + TriG^Gn), (2-5) 

in which 

B^ v = d^Bv] + igi[B^, B^, 

G IJU , = d lli G v] +ig 3 [G li ,G v ] ic . (2.6) 

The independent matter fields that can be accommodated in this model are electron in 
the anti-fundamental representation of £4(1), up quark in the fundamental representation 
of £4(1) and in the anti-fundamental representation of £7* (3), and down quark in the anti- 
fundamental representation of £4(3). Meanwhile the electron neutrino can be accommodated 
in the adjoint representation of £4(1). Thus the gauge transformation properties of the 
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fermions are 



m Ve {x) -> ^(x)** Ve (z)*y- 1 (a;), 

-»• ^(x)*^ 1 ^). (2.7) 



The gauge invariant action of this model is 

Sncym = J d A x[$ e * 7 ^>e + Vv e * 7^>, e + & * 7^J +3 ^ + & * V^rf 

-l/^B^B^ + 2Tr(G, u Gn)l (2.8) 



in which 





= <9/^e - 
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- -#1^,5^*, 




= - 






= + 


2^"*^ 2^ 



(2.9) 



Moreover 17* (n) group can be decomposed as follows 

U*{n) = U n (l)*NCSU(n), (2.10) 

where U n (l) consists the Abelian ^-independent elements of U*(n) while NCSU(n) consists 
the remaining parts. In other words the elements of U+(n) can be uniquely written as 

U(x, 9) = e ieo{x)ln * e M^)in+M^)^ (2.11) 

in which the first exponential factor is a ^-independent function and by multiplying two 
different elements of U*(n) one can easily show that this factor group is isomorphic to the 
usual commutative local gauge group U n (l). Therefore this one-dimensional representation 
of U+(n) can be considered to rewrite the gauge potential A(x, 8) as 

A(x, 9) = A (x)l n + A 1 (x, 9)l n + iA° a (x, 6)T\ (2.12) 

where one can show that under [/*(n)-transformation, A (x) transforms as the usual U(l) 
gauge field. In other words for the first step symmetry breaking a commutative scalar 
filed ( which was called Higgsac ) is enough to reduce the extra [/(l)-field. In fact in 
the £7* (3) x E/*(l) gauge theory there exist two U(l) factors which can be reduced to one 
through an appropriate Higgs mechanism. This extra scalar field is charged under the both 
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sub-groups, U\(l) and Us(l). The gauge transformation of the Higgsac field for the first 
symmetry breaking is 

<f>(x) -> U z (x)ct){x)V^ l (x), (2.13) 

where Us(x) G t/ 3 (l) and V\(x) G U\(l), also here <f>(x) is ^-independent and the multiplica- 
tion is in the commutative space. Therefore the gauge invariant terms including the Higgsac 
field are 

Dl +1 ^x)Dl +1 <f>(x) + m 2 0t - ^(0t (x)0(x ))2 ) ( 2.i4) 

where 

D^ = d» + i^G;-i 9 -±B„. (2.15) 

Here and G° are the ^-independent parts of their corresponding noncommutative fields. 
After the symmetry reduction we shall obtain a massive gauge boson, G°' and a massless 
one, Ap. These mass eigenstates can be obtain in terms of the gauge eigenstates as follows 

G°' = cos5i 3 G° - sinS^B^ 

= cos 5 13 5 M + sin S 13 G;, (2.16) 



in which the angle 5i 3 is 



) 13 = tan- 1 (J|^). (2.17) 



Meanwhile the mass of G°/can be obtained as 

M 2 = \{gl + \gl)^ (2.18) 

where 0g is the vacuum expectation value of <fi. Although the ^-independent parts of B^ 
and G° only present in the Higgsac Lagrangian, we replace (2.16) in the full Lagrangian. 
However we have to notice that only the ^-independent parts of G°' gets mass through 
Higgsac mechanism. Hereafter we use G° instead of In this manner, the fermions of the 
U+(3) x theory couple to the massless gauge boson of the residual C/*(l), A^, through 

the usual electric charges if we define 

cos <5i3 = e, (2.19) 

~2~7i^ 3 sin 613 = qd ' ^ 2,20 ' ) 

where is the electric charge of the down quark, — |e, and 

^(£ficos5i 3 - -J=£( 3 sin<5i 3 ) = q u , (2.21) 
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where q u is the electric charge of the up quark, |e. Therefore, the QED interactions of 
fermions in this model are as 

£ e _A M = -ieij e * y> c * A M , (2.22) 

Cd-A. = ~\^d * * Afj,, (2.23) 

2i - I - 

C u _ Aii = —etp u * ^Aft *ip u - -eip u * YVPm A^]*, (2.24) 

for electron, down quark and up quark, respectively. Finally, neutrinos which are the neutral 
particles can be coupled to photons in the NC space-time through the adjoint representation 
as 

£v-A mU = ~iei> v * tIVv, AJ*- ( 2 - 25 ) 
The Feynman rules for this model are completely collected in Appendix B. 



3 The Quantization of Z7*(3) x E/*(l 

The U*(n) is a non-Abelian gauge theory for all n, therefore we should perform the gauge 
fixing to have the nonsingular propagator. The Faddev-Popov and the gauge fixing terms 
for this theory are given as [7] 

S GF = j d d x{-^-Tr{d^d v G u ) + \Tr{ic*d tl D»c-id^c*c)), (3.26) 

where c and c are the ghost fields and 

D lt c = dpC — ig[G ft ,c] it , (3.27) 

in which one needs n 2 ghost fields for the n 2 gauge fields. Hence for the 17* (3) x i7*(l) gauge 
group there are nine ghosts for £/*(3) and one ghost for C/*(l) which can be written as 

Sgf = J d*x(~d ll B' l d u B v + ^{ic B * d^c B - id^c B * c B )) 

+ [ d d x(--Tr(d.G fl d u G u ) + Tr(ic* d.D^c - id^c* c)), (3.28) 
J a 

where eg and c are the ghost fields corresponding to and G^, respectively, and 

D^cb = d^CB -igi[Bn,c B ]*, 
D^c = d^c-igzlG^c]*. (3.29) 

After the symmetry reduction, as was discussed in the pervious section, the ^-independent 
part of G° gets mass through the symmetry breaking while the ^-dependent part remains 
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massless. Therefore it is necessary to take into account a ghost field corresponding to the 
^-dependent part of G° which we denote by c°. In the case of A^(x) the independent 
as well as ^-dependent part remains massless. But the ^-dependent part of A^x) is still 
non-Abelian and also needs a ghost field which we denote by c 7 . These new ghost fields can 
be written in terms of cb and cg° ( corresponding to and G°) as follows 

c° = cos<5i3Cg° — sin (^ce, 

c 7 = cos5i 3 cb + sin5i 3 CG°- (3.30) 



4 The calculation of /3— function 

A direct one loop calculation in the £/*(l) gauge theory for both fundamental and adjoint 
representation have been resulted in a negative (3— function [7, 11]. The negative contribution 
comes from the photon self interaction due to the NC space-time. However, in the U±(3) x 
C/*(l) gauge theory the result will be definitely different. In fact the reasons are two folds, the 
first one is that the charge quantization problem is solved and quarks as well as the leptons 
are accommodated in the theory. The second one is the appearance of the new interactions 
among the different gauge bosons i.e. photon and gluon, that makes the result complicated. 
In this section we explicitly calculate the QED /3-function in the £7* (3) x E/*(l) theory. The 
QED /3-function can be obtained by the following relation 

(3(e) = M^(-5 1 + e5 2 + ^5 3 ), (4.31) 
in which Si, S2 and £3 are the vertex, fermion and photon counter-terms, respectively. 



4.1 Electron self energy 

The one loop corrections for the electron self energy are shown in Fig.l in which Fig. 1(a) 
corresponds to the ordinary QED. The UV divergences of these diagrams can be subtracted 
by the rescaling of the field and mass of the electron. The electron renormalization factor 
Zip can be easily found as ( see appendix A, Eq.(A.41)) 

,2 1 



e 



167r 2 e ' 



16tt 2 e 

where 4 = 7 + 7b — log 47r for the space-time dimension d = 4 — 2e. In presenting the explicit 
expressions of all renormalization constants the MMS scheme is used throughout. 



V> = 1 -T^7( 1 + tan25 i3)> (4.32) 
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Figure 1: The electron self energy 
4.2 Photon self energy 

The one loop contributions of the photon self energy are shown in Fig. 2. The fermion loop in 
the Fig.2(a) can be each one of electron, neutrino, up and down quark. The main difference 
in each loop with respect to the ordinary space is an appearance of a phase factor depends 
on the NC-parameter. These factors for the charged fermions fortunately cancel each other 
and therefore the loop-calculations are completely like the ordinary SU(3) x 17(1). The 
contributions of such diagrams are ( see Eq.(A.44)): 

SZ C J = -^11(1 + 3((2/9 + 4/9 + 4/9) + 1/9)), 

e 2 14,14, . . 

(4.33) 



16tt 2 e3 v 3 " 

where cf means charged fermion. 

Meanwhile the neutrino loop contribution in the photon self energy is different from the 
charged one, because the noncommutative phases in this case do not cancel each other. 
Therefore for such a diagram one has ( see Eq.(A.45)) 

where nf means neutral fermion. Then the total contributions from the fermion loops i.e. 
charged fermions (lepton and quark) and neutrino, are 

5Z{ = --^^(1 + 33/9 + 2), 

~*N F (20/3), (4.35) 



16tt 2 e'3 

where Np is the number of generations. 

The remaining parts of the Fig. 2 show the gauge boson one-loop corrections to the photon self 
energy. The gauge boson diagrams in Fig. 2(b) have singularity proportional to \ that can 
be canceled by those come from the diagrams given in the Fig.2(c). In fact these diagrams 
have not any contribution on the (3— function of £7*(3) x U*(l) model [7]. Hence, the one loop 
corrections for the photon self energy which contain the photon-gluon interactions induced 
by the NC space-time can be obtained as ( see Eq.(A.55) ) 



S 



fermion 




g,G° 





9, G° 





G° 



C 9' C 



/ \ 



Figure 2: Photon self energy (a) fermion loop (b,c) gauge boson loop (d)ghost boson loop 



5Z° A 



e 2 1 10 e 2 1 10 

+T^4^(1/9)(10 + S ab ) = +t^4^(2). 
lo7r 2 e 3 lo^ e 3 



(4.36) 



Therefore the total renormalization constant for the one-loop correction of the photon self 
energy is 

e 2 1 20 4 

8Z A = -—--[-N F -l\. (4.37) 



16tt 2 e 3 L 3 



4.3 Vertex function 

After studying the UV divergences of two point function in the C/*(3) x C/*(l) theory, now 
we have to calculate the photon-electron vertex function at the one-loop level. There are 
four diagrams in this case as shown in the Fig.3. The three diagrams in the Fig.3(b) show 
the NCQED effects in the C/*(3) x U+(l) theory. It should be noted that here there is two 
additional diagrams with respect to the NCQED based on the U*(l). The QED like diagram 
given in Fig. 3 (a) is finite unlike the ordinary QED [7] but for the nonabelian diagrams one 
can easily find ( see Eq.(A.61)) 

e 2 1 1 

6Z^ A = -__3-(l + 2 cos 2 S 13 + tan 2 £ 13 (1 + 2 sin 2 S 13 ) - 2 tan S 13 sin 2S 13 ). (4.38) 
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(a) (b) 

Figure 3: Vertex function (a) QED like diagram (b)These diagrams occur through a non 
abelian vertex 



id - 




-1.0 -0.5 0.0 0.5 1.0 



Figure 4: versus 613. Black (solid), blue (dot) and red (dashed) curves represent the 

/3-function corresponding to NCQED without neutrinos, NCQED with neutrinos and usual 
QED, respectively. 
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Now the (3— function of the NCQED part of the £4(3) x £4(1) gauge theory, by using 
(4. 32), (4. 37) and (4.38), can be obtained as follows 

P( e ) = +^{ + ^f(1 + 2 + 33/9) + 2(1 + tan 2 5 13 ) 
- 2[jj(2) + (l + cos 2 5 13 ) 

+ tan 2 5 13 (l + 2sin 2 5 13 ) - 2tan5 13 sin25 13 ]}, (4.39) 

where in the first term the contributions of the charged leptons, neutrinos and quarks are 
given separately. One should note that the neutrino has only contribution to the first term. 
Meanwhile (4.39) shows that the /3-function depends on the mixing parameter, <5 13 as a free 
parameter. In fact the (3, depending on the value of Si 3 can be negative, positive or even zero 
as shown in Fig.4. In the Fig.4 the /3-function for the ordinary QED is compared with the 
NCQED (with and without neutrino ). It can be easily seen that the NC QED /3-function 
is equal to the usual QED for <5 13 = 0.36 77T. 



5 Conclusion 

We have considered the unexpanded NCQED based on the £4(3) x £4(1) gauge group. We 
have shown that the /3 function in agreement with [7] does not depend on the parameter of 
non commutativity but in contrast with the £4(1) NCQED it depends on a new parameter 
i.e. mixing parameter #i 3 , see (4.39). Therefore the /3 function can be negative, positive or 
zero depending on the value of the mixing parameter. Meanwhile the function in the £4(1) 
NCQED is suffering from the asymptotic freedom that is in contrast with the experiment. 
We have compared our result with the ordinary QED in the Fig.4 and it is found that for 
the 8i3 = 0.3677T our function is equal to the ordinary QED. In fact we have shown that 
in contrast with the expanded QED the unexpanded NCQED based on the £4(3) x £4(1) 
gauge group is not only one-loop renormalizable but also by fixing <5 13 it can have the same 
value for the /3 function as the commutative QED. Nevertheless the obtained value for 5 13 
needs to confirm in an independent way. 



A The calculations of two and three point functions 

Electron self energy: The electron self-energy includes two diagrams as are shown in the 
Fig.l. Using the Feynman rules (B.70) and (B.73) one can write 
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Z 1 , f d d l -2xti + 4m 
-ie) z {l + tan^i 3 ) / dx 1 



o 



(2tt) 2 (I 2 -A) 2 



(A.40) 



where A = (1 — x)m 2 — x(l — x)p 2 . Then one has 

0Zj i> ~ \j>=mi 

= -^(l +ta n 2 «5 13 )i (A.41) 

Photon self energy: All diagrams corresponding to the one loop photon self energy are 
shown in the Fig.2. First we calculate the fermion loop, Fig. 2a, containing electron, u and 
d quarks as follows 



lU *f = ~ { - te) J (2^ + 3Iu + 3Id) (k 2 - m 2 )((k - q) 2 - m 2 ) ' (A ' 42) 

where the coefficient 3 is a color factor for the quarks u and d Using the Feynman rules 
(B.70), (B.71) and (B.72) one can easily find 

h = 1, 
/d = 1/9, 

4 = 4/9 + 2/9 + 8/9sin 2 (g x k) = 4/9 + 2/9 + 4/9 + A"? 7 , (A.43) 

where A^P means non-planer. In fact the non-planer part has not any contribution to the 
beta function [7] and it is not needed to calculate this part. Meanwhile the planer parts are 
similar to the ordinary QED and it can be easily obtained as 

tt<- 2 ri , oo/qn (\ f dH ^VM ~ l ) f - 2x (l ~ x)q^qu + g^jrn? + x{\ - x)q 2 ) 

iLL cf - e {L + dd/V)^ dxj (/2 _ A )2 » 

= -ie 2 (l + 33/9)( g 2 ^-^gi/)^^ x(l-x)~+A^, 

= -^ 2 (l + 33/9)(gV^-^) T T^^ +A/ ' P ' ( A - 44 ) 

where A = m 2 — x(l — x)q 2 . Similarly, the impact of the neutrino loop on the photon self 
energy, using (B.76), can be easily obtained as follows 

d 4 k . 2 Tr{^tfY(tf-i)} 



iKlutrino = -He) 2 |^(4sin 2 (gxfc)) 



(k 2 )((k-q) 2 ) ' 

2e 2 I' dx f — 9 flu (yd-l)l 2 -2x(l-x)q»q u + x(l-x)q 2 g^ 
(2tt) 2 (/2 _ A) 2 



o 



-2te 2 (q 2 g^ - ftf-LAl+MV, (A.45) 
lo7r z 3 e 
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where A = —x(l — x)q 2 . Therefore the total contribution of the fermion loops can be 
obtained as 2 

SZ f A = -J~N F (\ + 2 + 33/9). (A.46) 

Now we consider the contribution of the gauge bosons on the self-energy of photon, Fig. 2b 
and Fig.2c. Let us start with the diagrams given in Fig.2b. Using the Feynman rules (B.95) 
and (B.97), the corresponding self energy can be found as follows 

«l% g . 2t = -ie 2 (2/3) 2 (10 + M/^|;2( c i-l) g '"- S m 2 ( 9 xfc)i, 

= _^(2/3«10 + W / I g 5 (< i -l) ! ,-J 5 |±J + ^, (A.47) 
or for the planar part 

HSU = -4(2/3)^(10 + « jf dx J ^-^J^-^\ (A.48) 

where A = —x(l —x)p 2 , 1/2 is a symmetry factor and the dimensional regularization is used 
throughout. Then after performing the integral on the momenta we have 

ie 2 i, n/0 v 2/1n , x f 1 , q 2 g^ u 



ie 1 1 r 
m F w .2 b = I^2 (2/3)2(10 + (U) I ^ 



( -r(l-d/2)d/2(d-l)x(l-x)-r(2-d/2)(d-l)(l-x) 2 ). (A.49) 

The contribution of the diagrams given in the Fig. 2c on the photon self energy can be easily 
obtained in a similar way as follows 

[-g' lu [(2k + q) 2 + (q- p) 2 } - d(k + 2qY(k + 2qf + [(2A; + qY{k + 2q) v 
+ {k - qY(2k + q) v - (k + 2qY(k - q) v + (/i O i/)]], (A.50) 



or 



^;. 2c = -^e 2 (2/3) 2 (10 + fa) jT 1 ds J (p _* A)2 [-<T (* 2 6(1 - 1/d) 

-g 2 (3 - 2x + 2x 2 )) + gV[(2 - 0(1 - 2x) 2 + 2(1 + x){2 - x)}}, (A.51) 



and after performing the integral on the momentum the self energy leads to 
ie 2 1 f 1 a 2 n^ v 

^;, c = wzwnu+s*) j Q dx^ 

[r(l - d/2)g^q 2 [3/2(d - l){x - x 2 )} + T(2 - d/2)^V (l/2)[3 - 2x + 2x 2 ] 
-r(2 - d/2) 9 Y(l/2)[(2 - d)(l - 2xf + 2(1 + x){2 - x)]\. (A.52) 



13 



Here, one should note that for the two photons (using (B.84)), two G° (using (B.89)) and 
two gluons (B.86) in the loop the symmetry factor is 1/2 but for the photon-G° (using 
(B.88)) in the loop the factor is one. Finally, we must include the diagrams containing 
ghost loops(Fig.2d). The corresponding Feynman rules are photon-ghost of photon (B.103); 
photon-ghost of G° (B.104); photon-ghost of gluons (B.109); photon-ghost of photon and 
G° L (B.107). Therefore for the corresponding self energy one has 



l,11 Fig.2d 



(27T) 



-e 2 (2/3) 2 (10 + cU 
or after manipulating some algebra one finds 

ie 



d*k ,J(k + qY ik u 

sm 2 (q x k)- 



k' 2 



{q + kf 



lll Fig.2d 



,2 ^ 



which leads to 



16vr 2 2 



-(2/3) 2 (10 + <5 ( 



ab ) 



dx 



q 2 g ^u 
£2-d/2 



(A.53) 



( -f(l - d/2)/V[i(l - 1)/2] + f(2 - <i/2)?Y[i(l - i)]), (A.54) 



u gauge 



lll Fig.2d ' lll Fig.2c ' tii Fig.2b' 
1 D 

itfgr - gV0 T (V9)(io + 5 ab )— -- 4 

3 lbir z e 



2 1 



and therefore 



5Z, 



e 2 1 4 10 
-[-iV F (l + 2 + 33/9) 



(1/9)(10 + <U)]. 



(A.55) 



(A.56) 



167r 2 e3 iV ' ' _/ 3 

Now we consider the vertex function and the corresponding diagrams which are given in 
the Fig.3. The diagram given in the Fig. 3a is very similar to its counterpart in the ordinary 
QED but with different divergence behavior. Here using the NC rules one can easily find 



AF M 

01 Fig. 3a 



-ieexp(ip x p)(^ + ST P ), 

d A k exp(iq x k)^ x {Jf: + <j{ + m)7 M (^ + m)^\ 



-ie z (l + t&n z 5 
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(2tt) 4 (k 2 - m 2 )((k + q) 2 - m 2 )(p - k)' 



,(A.57) 



where the factor exp(zg x k) causes the equation to be finite. Meanwhile for the diagrams 
given in Fig. 3b we have 



£F M 

01 Fig.3b 



-(2/3)e 2 I v 



d 4 k 2i sin 2 (g x k) + 2 cos(g x k) sm{q x k) 



(2tt) 4 k 2 (k + q) 2 ((p-k) 2 -m 2 ) 

x ( 7 A (d - # + m)Y)[-{2k + qy g px + (2q + k) p g^ + (k - q) Vl, (A.58) 



or 



where 



01 Fig.3b 



+i(2/3)e 2 I v 



d A k 



-AtyW - 2k 2 Y 



+ ..., 



2 cos 2 5 
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(2tt) 4 k 2 (k + q) 2 ((p- k) 2 -m 2 , 
- 2 sin^ 3 ) tan 2 5i 3 — 2 tan <5i3 (sin 25i 3 ) 



(A.59) 
(A.60) 
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and ... means the finite part of the integral. Therefore SZ^^ can be easily found as follows 

e 2 1 
8Z U ^ = -—— 3(1/3) (1 + 2 cos 2 S 13 + (1 + 2 sin* 3 ) tan 2 S 13 - 2 tan 5 13 (sin 2S 13 ))-. (A.61) 

B Feynman rules for NC(SU(3) x U(l)) model. 

Besides the fermion part of the action that is given in section 2, after symmetry reduction, 
one can obtain the action of the gauge interactions in terms of the mass eigenstates that is 
given in the first part of this appendix. In the second part we give the Feynman rules for 
NC(SU(3) x £7(1)) model. Here the fields are physical and for simplicity G° is used instead 
of G° as follows 

Sphoton = ~\J {d { ,A u] * + Ue(l + 2 cos 2 5)d {il A v] * [A», A"}* 

_! e 2(i + 8 cos 2 5l3 ) A ^ * A %}d 4 x, (B.62) 

y 

S G o =- l -J {d^Gl^d^G ^ - 2 i e(2tan»5 1 3sin 2 5 1 3 - § cot 6 13 cos 2 S 13 )d bi G° lf] * [G°»,G°% 
-4e 2 (tan 2 5 13 sin 2 5 13 + § cot 2 5 13 cos 2 5 13 ) * G ol/ ]*K:r, (B.63) 

S ph oton-G % = ~\f {-~iesin26 13 (d [ti A v] * G™]* + [G OAt , A"]*) 

+Aie{l - ^ cos 2 5 13 ) (dfrG° v] * (K, G "]* + [G ofl , A%) 

+d [lM A u] *[G°^G ou ]?j 
1 fi 

+-e 2 sin 25^, A,]* * ([A», G°\ + [G°", A"]*) 
y 

+4e 2 (tan5 13 sin 2 5 13 - cot 5 13 cos 2 5 13 )[G OA \ G "]* * ([G 0/ \ A"]* + G ou ]) 
_ 8e 2 (1 _ 8 cos 2 5i3 ) ^ ^ * [G o^ G o„] j d 4 Zj (Rg4) 

4 J 1 V 3 smoi3 J 

-^-^ ( - W*^, * {G^, g:}, (B.65) 
+2if abc d dec {G a ^ G b u }+ -k [G%, G"}* + d abC d deC [G a ^ G^]* * [G%, G v e }^ }d 4 x, 
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Sgiuon-photon = -\ j {2i^ed am d { ,A v] * [G°, Gil + Ue^d^G h v] * ([G£, A"]* + [A", G£]*) 

-^e 2 5 ab [A^A v ]^[G a ^G b \ (B.66) 



3 sin 5 13 



[if abc {G^ G% + 4 6c [G°, G%) * ([G c ", A"]* + [A", G c \)}<? 



X. 



Sgluon-Gl = ~\j {^y|e COt ^460^°] * [G£, G^] 



+4ie^| cot 8 13 d [fi G b u] * ([G£, G% + [G° M , G£]*) 
- j|e 2 cot 2 S 13 S ab [Gl, GH * [G^, G 6 ']* 

13 -(ifabc{G a , Gl}+ + <i a (, c [G" G^]*) * ([G° M ,G C 



3 sin 5i3 

+ [G ctl ,G ou l)}d 4 x J (B.67) 

(B.68) 

[2 e 

S ghosts-gauges = / {e(l - - Sm 2 ^g)^ * <9 M [^, C 7 ]„ - - shl 25 13 C< * <9^[G°, C 7 ]* 

+ (— etan5 13 sin 2 5 13 + - cot 5 13 cos 2 <5i 3 )c° * d M [G° M , c°]* 

o 

+e (l _ I C os 2 <5 13 )(c° * c% + c° * ^[G° M , c 7 ]* + c 7 * c ]*) 

-| sin 25(c° * d^, c\ + c 7 * <9"[A M , c ]*) + | cot 5 13 c 6 * d»[G\, c% 

+| cot 5 13 c b * 3"[G 6 M , c°]* + | cot 5 13 c° * d»[G\, c b l 
+igzf abc c c * d»{G%, c fe }„ + g 3 d abc c c * ^[G%, c 6 ]*}^. 

(B.69) 

Gluons carry Lorentz indices /jL,u, color indices a,b, and momenta p,q, .... Ghosts carry 
only the last two type of labels. All the momenta are entering unless otherwise specified. 

electron— photon vertex: 

-ieexp (ip x k)^, (B.70) 
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down quark— photon vertex: 

~3 

up quark— photon vertex: 



^ieexp (ip x k)^, (B.71) 



2 

-ie(cos (ip X k) + 2i sm(p x q))^, (B.72) 



electron— G° vertex: 

t 1 



ie tan £ 13 exp (ip x fc)7 M , (B.73) 

down quark— G° vertex: 

~3 

up quark— G° vertex: 



ze cot 5i3 exp (ip x k)^, (B.74) 



1 2i 

— ze{(tan<5i3 — - cot 5i 3 ) exp (ik x p) — — cot 5i 3 sin(/c x p)}^, (B.75) 
o o 

neutrino— photon vertex: 

2esin(ipx k)^, (B.76) 



neutrino— G° vertex: 



-2e tan <$i 3 sin (ip x fc)7 M , (B.77) 



up and down quark— gluon vertex: 

-I^ 3 exp(z>x k)^T\ (B.78) 

where p and k are the matter field and gauge field, respectively. Also we have defined 
p x k = \e^p^k v . 



gluon propagator. 



--n<W/^ (B.79) 



photon and G° propagator. 

(B.80) 
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a, \i, p 




b, v, q 



c, A, k 



Figure 5: 3-gluon 



ghost (photon and G° ) propagator. 



V 



(B.8i; 



ghost (gluon) propagator. 



-__A 



(B.82) 



3 gluon vertex. 



-g 3 sinS 13 (f abc cos(p x q) + d abc sin(p x q))I 



(B.83) 



3— photon vertex. 



Y> V> P 



Y, v, q 




y, A, k 



Figure 6: 3-photon 
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G°, v, q 




G°, A, k 



Figure 7: 3-G c 



-e(l + 2 cos 2 5i 3 ) sin(p x q)I 



(B.84) 



3-G° vertex. 



e(2 tan <5 13 sin 2 5 13 — - cot 5i 3 cos 2 5i 3 ) sm(p x g) J 



(B.85) 



photon— two gluons vertex. 



-e-S ab sin(p x q)I 



(B.86) 



G°— two gluons vertex. 




a, v, q 



b, A,k 



Figure 8: photon - gluon 
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b, v, q c,A 

Figure 9: G° - gluon 
2 

-e-5 ab cot 5i 3 sinQo x q)I 

G°— two photons vertex. 

2 

— e sin 2<5i3 sin(p x q)I 
3 

photon— two G° vertex. 

2 

— e(l + 2 sin 2 5i 3 ) sin(p x q)I 
3 

Where / is : 




Figure 10: G° - two photons 
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G°, p, p 



o 
o 
o 
o 
o 
o 
o 




Figure 11: two G° - photon 




Figure 12: G° - gluon 
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d, a, s 



CP, p, r 



Figure 13: G° - three gluons (photon - three gluons) 



iie 



h 



G°— three gluons vertex. 



two G°— two gluons vertex. 



3 sin 5i 3 

Sie 2 cot #13 
3 sin 5i 3 



h 



,2e. 



-2i(^) 2 8 nh cot 2 S 13 I 2 



two photon— two gluons vertex. 



2e 

-2i{-) 2 5 ab h 



4— photon vertex. a, jJ, p 



b, v, q 




CP, a, s 



CP, P, r 



(B.91) 



(B.92) 



(B.93) 



(B.94) 



Figure 14: two G° - two gluon 
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a, p, p b,v,q 




Y, o, s y, p, r 

Figure 15: two photon - two gluon 



Y, V> P Y> v, Q 




Y, o, s Y,P,r 

Figure 16: 4- photon 
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G°, p, p 



G°, v, q 




G°, o, s 



G°, p, r 



Figure 17: 4- G c 



.,(|)2 (1 + 8cos 2 5i3) j 2 



(B.95) 



4- G° vertex. 



Aie (l/9cot 5i3 cos 5 i3 + tan 5i 3 sin <5i 3 )/ 2 



(B.96) 



two photons— two G° vertex. 



-i(|f(i + 8sin 2 5 13 )I 2 



(B.97) 



three photons— G° vertex. 



photon— G°— two gluons vertex. 

G°, p, p 



4e 

i(y) 2 sm25i 3 / 2 



G°, q 




y, o, s 



Y, P. r 



(B.98) 



Figure 18: two G° - two photon 
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G°, v, q 




G°, o, s 



V,P, r 



Figure 21: three G° - photon 



g 

-i-e 2 cot S 13 8 ab I 2 
y 



photon— three G° vertex. 



Where I\, I 2 are 



-4ie 2 (cot Si 3 cos 2 5i 3 — tan<5i 3 sin 2 Si 3 )I 2 



II = \l ol(f abc cos (P x + dabc sin G° x ?)) 

■ sin(r x s)(g pp g V(J - g p(J g vp ) 
+ (facb cos(s x g) + d ac6 sin(> x g)) 

• sin(p x r)(g^g yp - 
+ {facb cosQo x s) + d acfe sinQo x s)) 

■ sin(g x r)(g^g p(T - g PP g„a)] 



I 2 = [ sin(p x q) sin(r x s)(g p , p g va - g^g up ) 

+ sinQo x r) sin(s x q)(g pa g vp - g pv g pa ) 
+ sin(> x s) sin(g x r)(g^ v g pa - g pp g ua )] 



photon— ghosts(photon) vertex 

2 



e(l + 2 cos 5i 3 ) p M sin(p x g) 
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Figure 22: photon-ghosts(photon) 




Figure 23: photon-ghosts(G°) 
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o 
o 
o 
o 
o 
o 



G°, /J, /c 



c o>P 



Figure 24: G°-ghosts(G 



photon— ghosts (G°) vertex 



-e(l + 2sin 5 13 ) p M sin(p x q) 



(B.104) 



G°-ghosts(G' ) vertex 



-e(- cot 5i3 cos 2 5i 3 - tan 5 13 sin 2 <J 13 ) p M sin(p x g) 



(B.105) 



G°— ghosts(photon) vertex. 



■-esin25 13 p / ,sin(p x g) 



(B.106) 



photon— ghosts(photon—G°) vertex 



G°, fj, k 



C Y> q 



Figure 25: G°-ghosts (photon) 
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Y, V, k 



C Y> P 



Figure 26: photon-ghosts(photon - G°) 



--esin25i 3 p ll sm(p x q) 



G°— ghosts(photon— G°) vertex 

2 



e(l + 2 sin 5i 3 ) p^ sin(p x q) 



photon— ghosts(gluon) vertex 



G°— ghosts(gluon) vertex 



-edabPf.sinip x q) 



■-e5 afe cot5i3^sin(j9 x q) 



O 
O 

o 
o 
o 



G°, [J, k 



c o> Q 



Cy,P 



Figure 27: G°-ghosts(photon - G°) 
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Figure 28: photon-ghosts(gluon) 



O 
O 
O 

o 
o 
o 
o 



a, 



Figure 29: G°-ghosts(gluon) 
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b 



Figure 30: gluon - ghost (gluon) 

gluon— ghosts(gluon) vertex 

-g-zP^ifabc cos(p x q) - d abc sm(p x 
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